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Cavazos-Cadena[3] ( ), Ja\’{s}kiewicz [6]
( )




$F^{\pi}(i, r)=P_{i}^{\pi}( \sum_{n=1}^{\tau-1}Y_{n}\leq r)$ , (1)
$G^{\pi}(i, r)=P_{i}^{\pi}( \sum_{n=1}^{\tau-1}Y_{n}<r)$ , (2)
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$i$ $Y_{n}$ $n$ $\pi$ $\tau$
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1: $-$ ; –;
{optimal}




; $0\cross 0.75+100\cross 0.20+1000\cross 0.05=70$( ),
100 $\cross$ 100 $=$ 100( ),
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(ii) $A= \bigcup_{i\in S}A(i)$ $A(i)$ $i$
(iii) $E$ $\{y_{1}, y_{2}, \ldots\}$ , $y_{i}(i=1,2, \ldots)$
$E$ $- \infty<\inf_{i}y_{i}<y_{i}\leq 0$ ,
$n$ $(n\geq 1)$ $X_{n},$ $A_{n},$ $Y_{n}$
(iv) $i$ $a$
: $i,j\in S,$ $a\in A(i),$ $y\in E,$ $n\geq 1$













$i\in B,$ $a\in A(i)$ $\sum_{j\in B}p^{a}(j, 0|i)=1$ .
$Z= \sum_{k=1}^{\infty}Y_{k}$
:
$Z_{0}=0$ , $Z_{n}= \sum_{k=1}^{n}Y_{k},$ $n\geq 1$ .
:
$W_{1}=r$ , $W_{n}=W_{1}-Z_{n-1}=W_{n-1}-Y_{n-1}$ , $n\geq 2$ ,
$r$ $H_{n}$ $n$
: $n\in N$ $H_{1}=S_{R}$ $H_{n+1}=H_{n}\cross A\cross S_{R}$ .
$H_{n}$ $n$
$h_{n}=(i_{1}, w_{1}, a_{1}, i_{2}, w_{2}, \ldots, a_{n-1}, i_{n}, w_{n})$
$\pi=(\delta_{n}, n\geq 1)=(\delta_{1}, \delta_{2}, \ldots, \delta_{n}, \ldots)$ : $h_{n}$
$A$ $\delta_{n}(a_{n}|h_{n})$ . $h_{n}=$
$(i_{1}, w_{1}, a_{1}, i_{2}, w_{2}, \ldots, i_{n}, w_{n})\in H_{n}$ $\delta_{n}(A(i_{n})|h_{n})=1$
$\delta_{n}(a_{n}|\cdot)$ $F$ $H_{n}$ Lebesgue $\triangle$ $C$
$\pi=(\delta_{n}, n\geq 1)$ $n\in N$
$\delta_{n}$ $(X_{n}, W_{n})=(i_{n}, w_{n})$
$\triangle_{M}$ , $C_{M}$ $\pi=(\delta_{n}, n\geq 1)$
$\pi$ $a\in A(i)$
$\delta_{n}(i, r)=a$




$X_{1}=i$ $\pi$ $\{Z\leq r\}$




$\infty)=1$ $\pi\in C$ , $(i, r)\in S_{R}$
$P_{(i,r)}^{\pi}$
$($ $n\geq 1$ $X_{n}\in B)=1$ . $B$
$\pi\in C$ ,
$(i, r)\in S_{R}$ $P_{(i,r)}^{\pi}(-\infty<Z\leq 0)=1$
$\delta\in\triangle_{D}$ $(i, r)\in S_{R}$ $0\leq u<\mu$
$u$ $\delta(i, r)=\delta(i, r-u)$ $($ resp. $\delta(i,$ $r)=\delta(i,$ $r+u))$
$\mu$ $R$ (resp. )
$\pi=(\delta_{n}, n\geq 1)\in C_{D}$ $n\geq 1$ $\delta_{n}$ (resp.
$)$ (resp. )
$P_{i}^{\pi}(Z\leq r))P_{i}^{\pi}(Z<r)$ $\pi\in C$
$(\varphi)_{\leq}$ $(^{t}y)_{<}$
: $(i, r)\in S_{R}$ ,
$\pi\in C$
$F_{n}^{\pi}(i, r)=P_{i}^{\pi}(Z_{n}\leq r)$ , $F^{\pi}(i, r)=P_{i}^{\pi}(Z\leq r)$ ,
$G_{n}^{\pi}(i, r)=P_{i}^{\pi}(Z_{n}<r)$ , $G^{\pi}(i, r)=P_{i}^{\pi}(Z<r)$ ,
$F_{n}^{*}(i, r)= \inf_{\pi\in C}F_{n}^{\pi}(i, r)$ ,
$G_{n}^{*}(i, r)= \inf_{\pi\in C}G_{n}^{\pi}(i, r)$ ,
$F^{*}(i, r)= \inf_{\pi\in C}F^{\pi}(i, r)$ ,
$G^{*}(i, r)= \inf_{\pi\in C}G^{\pi}(i, r)$ .
: $\mathcal{F}_{I}$ $i\in S$ $F(i, \cdot)$ $R$
$S_{R}$ $I$ $F$
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$\mathcal{F}_{f}=\{F\in \mathcal{F}_{[0,1]}|F(i,$ $r)=1$ for $i\in S$ and $r>0\}$ ,
$\mathcal{F}_{g}=\{F\in \mathcal{F}_{[0,1]}|F(i,$ $r)=1$ for $i\in S$ and $r\geq 0\}$ ,
$=$ { $F\in \mathcal{F}_{f}|i\in S$ $F(i,$ $\cdot)$ $R$ },
$=$ { $F\in \mathcal{F}_{g}|i\in S$ $F(i,$ $\cdot)$ $R$ }.
$F\in$ $F$ $(i, r)\in S\cross R$
$F_{r}(i, r)= \lim_{s\downarrow r}F(i, s)$ . $F\in \mathcal{F}_{r}$ $F$
well defined $F_{r}\in \mathcal{F}_{r}$ $F_{\ell}\in \mathcal{F}_{\ell}$ .
Lemma 6(ii) $G^{*}\in$ section 6 $F^{*}\in \mathcal{F}_{r}$
$\mathcal{F}_{I}$ $T^{a},$ $T^{\delta},$ $T$ :
$F\in \mathcal{F}_{I},$ $(i, r)\in S_{R},$ $a\in A(i),$ $\delta\in\triangle_{M}$
$T^{a}F(i, r)= \sum_{j\in S}\sum_{y\in E}F(j, r-y)p^{a}(j, y|i)$ ,
$T^{\delta}F(i, r)= \sum_{a\in A(i)}T^{a}F(i, r)\delta(a|i, r)$
,
$TF(i, r)= \inf_{\delta\in\triangle_{M}}T^{\delta}F(i, r)=\min_{a\in A(i)}T^{a}F(i, r)$ .
$F,$ $G\in \mathcal{F}_{I}$ $F\geq G$ $(i, r)\in S_{R}$




lemmas Lemma 2.1 and 2.2 in Oht-
subo and Toyonaga[8] Lemma 3.2 in Ohtsubo[12]
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Lemma 1. $I$
(i) $F,$ $G\in \mathcal{F}_{I}$ $\delta\in\triangle$ $T^{\delta}F-T^{\delta}G=T^{\delta}(F-G)$ .
(ii) $F,$ $G\in \mathcal{F}_{I}$ $F\geq G$ $a\in A(\cdot)$ $T^{a}F\geq T^{a}G$ ,
$\delta\in\triangle$ $T^{\delta}F\geq T^{\delta}G$ , $TF\geq TG$ .
(iii) $F\in \mathcal{F}\ell$ (resp. $\in$ ) $a\in A(\cdot)$ $T^{a}F\in$ Se
(resp. $\mathcal{F}_{r}$ ). $T$ $\mathcal{F}_{I}$ ( $\mathcal{F}_{f},$ $\mathcal{F}_{g}$ , $\mathcal{F}_{r}$ )
(iv) $n\geq 0$ $J_{n}\in y_{p}$ $J_{n}\leq J_{n+1}$ $\lim_{narrow\infty}J_{n}$
$\in \mathcal{F}_{l}$ .
(v) $n\geq 0$ $K_{n}\in \mathcal{F}_{r}$ $K_{n}\geq K_{n+1}$ $\lim_{narrow\infty}K_{n}$
$\in \mathcal{F}_{r}$ .
Lemma 2. $F\in \mathcal{F}\ell$ (resp. $\mathcal{F}_{r}$) $TF=T^{\delta}F$
(resp. ) $\delta\in\triangle_{D}$
Hern\’andez-Lerma and Lasserre ([4], Lemma 4.2.4, P.47)
$\lim$ $\min$
Lemma 3. $\{F_{n}\}$ $\mathcal{F}_{I}$ $(i, r)\in S\cross R$
$\lim_{narrow\infty}TF_{n}(i, r)=T\lim_{narrow\infty}F_{n}(i, r)$ .
$\pi=(\delta_{n}, n\geq 1)\in C$ 1 $(i, r, a)\in S_{R}\cross A$
$1_{\pi}(i,r,a)=(\delta_{n}^{(i,r,a)}, n\geq 1)$ $h_{n}\in H_{n},$ $n\geq 1$
$\delta_{n}^{(i,r,a)}(\cdot|h_{n})=\delta_{n+1}(\cdot|(i, r, a), h_{n})$ $(i, r, a)$
$1_{\pi}(i,r,a)\in C$ : $\pi=$
$(\delta_{n}, n\geq 1)\in C,$ $(i, r)\in S_{R}$
$T^{\delta_{1}}F^{1} \pi(i, r)=\sum_{a\in A(i)}\delta_{1}(a|i, r)\sum_{j,y}F^{1}\pi^{(i,r,a)}(j, r-y)p^{a}(j, y|i)$ .
Lemma 4. $\pi=(\delta_{n}, n\geq 1)\in C$
(i) $n\geq 0$ $F_{n}^{\pi} \leq F_{n+1}^{\pi}\leq\lim_{narrow\infty}F_{n}^{\pi}=F^{\pi}$ .
(ii) $n\geq 0$ $G_{n}^{\pi} \leq G_{n+1}^{\pi}\leq\lim_{narrow\infty}G_{n}^{\pi}=G^{\pi}$ .
(iii) $n\geq 0$ $F_{n}^{\pi},$ $G_{n}^{\pi}\in \mathcal{F}_{[0,1]}$ $F^{\pi},$ $G^{\pi}\in \mathcal{F}_{[0,1]}$ .
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(iv) $n\geq 0$ $F_{n+1}^{\pi}=T^{\delta_{1}\pi}F_{n}^{1}$ $F^{\pi}=T^{\delta_{1}\pi}F^{1}$ .
$\pi=\delta^{\infty}\in C_{D}^{s}$ $F^{\pi}=T^{\delta}F^{\pi}$ .
(v) $n\geq 0$ $G_{n+1}^{\pi}=T^{\delta_{1}}G_{n}^{1}\pi$ $G^{\pi}=T^{\delta_{1}}G^{1}\pi$ .
$\pi=\delta^{\infty}\in C_{D}^{s}$ $G^{\pi}=T^{\delta}G^{\pi}$ .
$(\mathcal{P})_{<}$
$(\varphi)_{\leq}$ $F^{*}\in \mathcal{F}_{r}$ (Theorem 5)
Theorem 1. (i) $n\geq 0$ $G_{n}^{*}\in$ $\{G_{n}^{*}, n\geq 0\}$
:
$G_{0}^{*}=I_{(0,\infty)}$ , $G_{n}^{*}=TG_{n-1}^{*}$ , $n\geq 1$ .
(ii) $n\geq 0$ $G_{n}^{*}=G_{n}^{\pi}$ $\pi\in C_{D}$
(iii) $n\geq 0$ $G_{n}^{*} \leq G_{n+1}^{*}\leq\lim_{narrow\infty}G_{n}^{*}\leq G^{*}$ $\lim_{narrow\infty}G_{n}^{*}$
$\in$
Theorem 2. (i) $n\geq 0$ $F_{n}^{*}\in \mathcal{F}_{r}$ $\{F_{n}^{*}, n\geq 0\}$
:
$F_{0}^{*}=I_{[0,\infty)}$ , $F_{n}^{*}=TF_{n-1}^{*}$ , $n\geq 1$ .
(ii) $n\geq 0$ $F_{n}^{*}=F_{n}^{\pi}$ $\pi\in C_{D}$
(iii) $n\geq 0$ $F_{n}^{*} \leq F_{n+1}^{*}\leq\lim_{narrow\infty}F_{n}^{*}\leq F^{*}$ .
$F^{*},$ $G^{*}$ lemma
Lemma 5. $\pi=(\delta_{n}, n\geq 1)\in C$
(i) $F,$ $G\in \mathcal{F}_{[0,1]}$ $B^{c}\cross R$ $F-G\leq T^{\delta}(F-G)$ $B\cross R$
$F=G$ $F\leq G$ .
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(ii) $F^{\pi}$ $B\cross R$ $F=I_{[0,\infty)}$ $y_{[0,1]}$ $F=T^{\delta}F$
(iii) $G^{\pi}$ $B\cross R$ $F=I_{(0,\infty)}$ $\mathcal{F}_{[0,1]}$ $G=T^{\delta}G$
Lemma 6. (i) $\lim_{narrow\infty}F_{n}^{*}=F^{*}$ .
(ii) $\lim_{narrow\infty}G_{n}^{*}=G^{*}$ , $G^{*}\in \mathcal{F}p$ .
Theorem 3. (i) $F^{*}$ $B\cross R$ $F=I_{[0,\infty)}$
$F=TF$ $\mathcal{F}_{[0,1]}$
(ii) $G^{*}$ $B\cross R$ $G=I_{(0,\infty)}$ $G=TG$ $\mathcal{F}_{[0,1]}$
(iii) $G^{*}=T^{\delta}G^{*}$ $\pi=\delta^{\infty}\in C_{D}^{s}$
$(\mathcal{P})_{<}$ $\pi$
5
Theorem 1 Lemma 6 :
$F^{*}= \lim_{narrow\infty}T^{n}F_{0}^{*}$ , $F_{0}^{*}=I_{[0,\infty)}$ ,
$G^{*}= \lim_{narrow\infty}T^{n}G_{0}^{*}$ , $G_{0}^{*}=I_{(0,\infty)}$ .
Lemma 8 Howrad[5]
Lemma 7. (i) $F\in \mathcal{F}_{[0,1]}$ $F\geq F^{*}$ $B\cross R$ $F=I_{[0,\infty)}$
$\delta\in\triangle_{D}^{s}$ $F\leq T^{\delta}F$ $F$
$(\mathcal{P})_{\leq}$
(ii) $G\in \mathcal{F}_{[0}$,1 $]$ $G\geq G^{*}$ $B\cross R$ $F=I_{(0,\infty)}$
$\delta\in\triangle_{D}^{s}$ $G\leq T^{\delta}G$ $G$ $(\varphi)_{<}$
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Lemma 8. $\pi=\delta^{\infty}\in C_{D}^{s}$
(i) $\sigma\in C_{M}$ $F^{(\delta,\sigma)}\leq F^{\sigma}$ $F^{\pi}\leq F^{\sigma}$ .
(ii) $\sigma\in C_{M}$ $G^{(\delta,\sigma)}\leq G^{\sigma}$ $G^{\pi}\leq G^{\sigma}$ .
$(\varphi)_{<}$ :
I. $\pi_{0=}(\delta_{0})^{\infty}\in C_{D}^{s}$
II. $n$ $\pi_{n=}(\delta_{n})^{\infty}\in C_{D}^{s}$ $G^{\pi_{n}}\in$
$\mathcal{F}_{[0,1]}$ $\mathcal{F}_{[0,1]}$ $B\cross R$ $G=I_{(0,\infty)}$
$G=T^{\delta_{n}}G$
III. $T^{\delta_{n}}G^{\pi_{n}}=TG^{\pi_{n}}$ $T^{\delta_{n}}G^{\pi_{n}}\neq TG^{\pi_{n}}$
IV. $T^{\delta_{n+1}}G^{\pi_{n}}=TG^{\pi_{n}}$ $\pi_{n+1}=(\delta_{n+1})^{\infty}\in C_{D}^{S}$
V. $n$ $n+1$ II
Lemma 5(iii) II
$B\cross R$ $G=I_{[0,\infty)}$ $(\mathfrak{R})_{\leq}$
Theorem 4. (i) $\{G^{\pi_{n}}\}$ $G^{*}$






Lemma 9. $F\in \mathcal{F}_{r}$ $G\in \mathcal{F}_{\ell}$ , $a\in A(\cdot)$
$(T^{a}G)_{r}=T^{a}G_{r},$ $(T^{a}F)\ell=T^{a}F\ell,$ $(TG)_{r}=TG_{r}$ $TG=(TG_{r})_{\ell}$ .
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Lemma 10. $n\geq 0$ $(G_{n}^{*})_{r} \leq(G_{n+1}^{*})_{r}\leq\lim_{narrow\infty}(G_{n}^{*})_{r}\leq$
$(G^{*})_{r}$ $(G^{*})_{r}\in if_{r}$ .
Lemma 11. $(G^{*})_{r}$ $B\cross R$ $F=I_{[0,\infty)}$ $F=TF$
Theorem 3(i) $T$ $B\cross R$ $I_{[0,\infty)}$ $\mathcal{F}_{[0,1]}$
Theorem
Theorem 5. (i) $F^{*}=(G^{*})_{r},$ $G^{*}=(F^{*})_{P}t_{0^{\backslash }}$ $F^{*}\in \mathcal{F}_{r}$ .
(ii) $F^{*}=T^{\delta}F^{*}$ $\pi_{n}=(\delta)^{\infty}\in C_{D}^{s}$
$\pi$ $(\varphi)_{\leq}$
$\delta\in\triangle_{D}$ $(i, r)\in S_{R},$ $n\geq 1$
$a_{n}=\delta(i, r+1/n)$ $A(i)$ $\alpha\in A(i)$ $\lim_{karrow\infty}$
$a_{n_{k}}=\alpha$ $\{a_{n}\}$ $\{a_{n_{k}}\}$
ni $\geq N$ $a_{n_{i}}=\alpha$ $N$
$\delta_{r}(i, r)=\alpha$ $\lim_{s\downarrow r}\delta(i, s)$
$r<u\leq\mu$ $u$ $\delta(i, s)=\delta(i, u)$
$\mu$ $\delta_{r}(i, r)=\lim_{s\downarrow r}\delta(i, s)$
$\pi=\{\delta_{n}, n\geq 1\}\in C_{D}$ :
$(\pi)_{r}=((\delta_{n})_{r}, n\geq 1)\in C_{D}$ . $(\sigma)\ell=\{(\gamma_{n})p, n\geq 1\}$
$\delta_{n}$ (resp. $\gamma_{n}$ ) (resp. )
$\lim_{s\downarrow r}\delta_{n}(i, s)$ $($ resp. $\lim_{s\uparrow r}\gamma_{n}(i,$ $s))$ $(\pi)_{r}$ (resp.
$(\sigma)\iota)$ (resp. )
Lemma 12. $G\in$ $\delta\in C_{D}$ $T^{\delta}G=TG$
$T^{\delta_{r}}G_{r}=TG_{r}$ .
Theorem 6. $\pi=\delta^{\infty}\in C_{D}^{s}$ $\pi$ $(\varphi)_{<}$
$(\pi)_{r}$ $(\varphi)_{\leq}$
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